Abstract. We discuss (i) harmonic maps from surfaces to 4-manifolds, especially, twistor constructions and a recent application to the study of the space of harmonic maps from S 2 to CP 2 , (ii) harmonic morphisms from 4-manifolds to surfaces, especially relationships with Hermitian structures, shear-free ray congruences and a twistorial construction of foliations by superminimal surfaces of hyperbolic 4-space with given boundary values at in nity.
Introduction
Harmonic maps are maps between Riemannian manifolds which extremize a natural energy integral; there are many thousands of papers on this subject, see the bibliography BLRww]. Less well-known are harmonic morphisms, which are maps between Riemannian manifolds which pull back germs of harmonic functions to germs of harmonic functions (De nition 4.1 below), see Gudww] for a frequently updated bibliography. We discuss harmonic maps from a surface to a 4-manifold and harmonic morphisms from a 4-manifold to a surface. These subjects are dual in many aspects. Our aim is to point out some of these aspects whilst concentrating on some recent advances in both subjects.
After reminding the reader in x2 about twistor constructions for harmonic maps from surfaces to 4-manifolds, where we take the opportunity to set out the relationship between real isotropic, superminimal and complex isotropic, we indicate in x3 how the well-known twistor construction has been recently used to study the topology Crax1] and the smooth structure LW96] of the space of harmonic maps from the 2-sphere to complex projective 2-space. In x4, we turn to the study of harmonic morphisms, especially those with values in a surface, giving some basic properties including minimality of the bres (Proposition 4.2). Then, in x5, we describe the twistor construction Woo92] of harmonic morphisms from certain 4-manifolds, in particular discussing the connection with Hermitian structures and superminimality. Analogously, we show BWx2] that harmonic morphisms from Minkowski 4-space are essentially equivalent to the shear-free ray congruences of Mathematical Physics. Finally, we discuss harmonic morphisms from hyperbolic 4-space H 4 . By Woo92] these have superminimal bres and, in BWx2] , their boundary values at in nity are characterized; we can thus construct foliations by superminimal surfaces of H 4 with given boundary values at in nity (Corollary 5.9).
The author would like to thank the organizers for their hospitality and the opportunity of presenting this lecture at the rst Brazilian { USA Workshop on Geometry, Topology and Physics in Campinas, July, 1996.
Harmonic maps and twistors
Let M = (M m ; g) and N = (N n ; h) be smooth (C 1 ) Riemannian manifolds.
Recall that a harmonic map : M ! N is a smooth map which extremizes the As a consequence of the above conformal invariance we have:
The composition of a (weakly conformal) harmonic map : M 2 ! N n from a surface with a weakly conformal mapM 2 ! M 2 between surfaces is a (weakly conformal) harmonic map.
In isothermal coordinates (x; y), weak conformality at a point is expressed by @ @x ; @ @x = @ @y ; @ @y and @ @x ; @ @y = 0 where h ; i denotes the inner product on TN (extended to T c N by bilinearity), equivalently, De nition 2.1. An immersion : M 2 ! N 4 is said to be superminimal with positive (resp. negative) spin if its second fundamental form B satis es where r denotes the connection on End( ?1 TN 4 ) induced from the Levi-Civita connection on N 4 . We say that is superminimal if, at each point, it is superminimal with positive or negative spin (the sign might be di erent at di erent points). Sometimes the terminology right (resp. left) superminimal is used for superminimal with positive (resp. negative) spin. For some history and geometric interpretations, see Fri84, Frix1] .
Clearly, a superminimal immersion is minimal. Further, a minimal immersion is superminimal if and only if the quartic form hB(Z; Z); B(Z; Z)i is zero for Z = @=@z. The concept of superminimal can be extended to any map which is an immersion except at a discrete set of points at which the decomposition (7) extends smoothly. @z , so that again r;1 = 0 for all r. Superminimality can be phrased in terms of twistor spaces: Let Z 6 + (resp. Z 6 ? ) be the positive (resp. negative) twistor space of N 4 . Thus Z 6 is the total space of a bre bundle : Z 6 ! N 4 with each bre (Z 6 ) p = ?1 (p) the set of positive (resp. negative) almost Hermitian structures at p. Recall that for each p 2 N 4 , J 2 (Z 6 ) p , the Levi-Civita connection on M 4 de nes a horizontal (sub)space H J (Z 6 ) of the tangent space to Z 6 at J and so a decomposition T J Z 6 = T J (Z 6 ) p H J (Z 6 ) with the rst factor the tangent space to the bre of . Then an almost Hermitian structure J at p can be lifted to one on the horizontal space at J; together with the canonical Hermitian structure on each bre (Z 6 ) p = SO(4)=U(2) = S 2 this de nes the canonical almost Hermitian structure J on Z 6 + (resp. Z 6 ? ); recall that this is integrable if and only if M 4 is anti-self-dual (resp. self-dual) AHS78]. In fact this gives bijections between non-constant weakly conformal superminimal maps from M 2 to N 4 of positive (resp. negative) spin and non-constant horizontal holomorphic maps from M 2 to Z 6 + (resp. Z 6 ? ). and only if it is superminimal with negative spin or it is -holomorphic.
In particular, complex isotropic maps from Riemann surfaces to 4-dimensional K ahler manifolds are given twistorially as the projections of horizontal holomorphic maps into the negative twistor space. See Bur87, Woo87, Raw85] for more information on twistor methods.
3. The space of harmonic maps from S 2 to C P 2 as a manifold We study the space Harm(S 2 ; C P 2 ) of all harmonic maps from S 2 to C P 2 . We recall the construction of such harmonic maps, for details and history, see, EW83]; we take a twistorial approach as in ES85]. First note that any holomorphic or antiholomorphic map is harmonic, we exclude these from the subsequent discussion. An easy inductive argument shows that any harmonic map S 2 ! C P 2 is complex isotropic and so, by Proposition 2.4, any non -holomorphic harmonic map is superminimal with negative spin. It is therefore given by the projection of a horizontal holomorphic map from S 2 to the negative twistor space (Z 6 ? ; J ) This twistor space may be identi ed with the ag manifold by f (1) (z) = span ? F(z); F 0 (z) at points where F(z) and F 0 (z) = dF=dz are linearly independent. Identifying G 2 (C 3 ) with C P 1 we can write f (1) = F^F 0 . Now F^F 0 is zero precisely at the branch (rami cation) points of f and, in the neighbourhood of such a point z 0 , we can write F(z)^F 0 (z) = (z ? z 0 ) (z) for some 2 N called the rami cation index of f at z 0 , and some smooth function with (z 0 ) 6 = 0. We then set f (1) (z 0 ) = (z 0 )] thus extending f (1) to a smooth map on S 2 . Note that the rami cation index of f at z 0 is just the order of the zero of df at that point; the sum of the rami cation indices over all rami cation points is called the (total) rami cation index of f. This process leads to a bijection, see, EW83]:
Theorem 3.1. The map G 0 : Hol (S 2 ; C P 2 ) ! Harm NH (S 2 ; C P 2 ) de ned by G 0 (f) = f ? \ f (1) is a bijection from the set of full holomorphic maps from S 2 to C P 2 to the set of all non -holomorphic harmonic maps from S 2 to C P 2 .
To study the latter space, we rst study Hol (S 2 ; C P 2 ). Giving this space the uniform topology, the components are the spaces Hol k (S 2 ; C P 2 ) of full holomorphic maps of degree k, (k 2 N). These are complex manifolds of dimension 3k + 2. We should like to transfer this structure to the space of harmonic maps. However, the map G 0 may not be continuous on a curve f t along which the total rami cation index changes, see for example LW96, Example 2.4]. To x this, for each r 2 f0; 1; 2; g we consider the space Hol k;r (S 2 ; C P 2 ) = ff 2 Hol k (S 2 ; C P 2 ) : total rami cation index of f = rg :
Note that this space is non-empty precisely for 0 r 3 2 k ? 3. We have Theorem 3.2 Crax1]. The space Hol k;r (S 2 ; C P 2 ) is a connected complex manifold of dimension 3k ? r + 2. Now the image of Hol k;r (S 2 ; C P 2 ) under G 0 is the space Harm d;E (S 2 ; C P 2 ) of harmonic maps of degree d and energy 4 E where d = k ? r ? 2 and E = 3k ? r ? 2. In particular, these spaces are connected, and together with the spaces of -holomorphic maps of a given degree, give the components of Harm(S 2 ; C P 2 ). Crawford Crax1] shows that G 0 is a homeomorphism. In LW96] we take this further and study G 0 as a map into the C 1 manifold C j (S 2 ; C P 2 ) of C j maps from S 2 to C P 2 establishing: Theorem 3. 
Harmonic morphisms
We now turn to a subject which is, in many ways, dual to the theory of weakly conformal harmonic maps:
De nition 4.1. 
A smooth map M m ! N n is a harmonic morphism if and only if it is a horizontally weakly conformal harmonic map.
Note also that the set of critical points of a harmonic morphism is polar, in particular, in the real-analytic case, is a real-analytic set of codimension at least 2, and that any harmonic morphism is an open mapping Fug78]. Lastly, a foliation is called conformal if Lie transport along the leaves of vectors normal to the leaves is conformal, see Vai79, Woo86] ; clearly, the bres of a horizontally conformal submersion form a conformal foliation, in particular, at regular points, the bres of a harmonic morphism form such a foliation. Now let the codomain N be of dimension 2. Then dually to (5) we have (15) The composition of a harmonic morphism : M m ! N 2 to a surface with a weakly conformal map N 2 !Ñ 2 between surfaces is a harmonic morphism.
In particular, dually to (3) We have dually to (11):
A holomorphic map from a K ahler manifold to a Riemann surface is a horizontally weakly conformal harmonic map, i.e. a harmonic morphism.
To see this, merely note that the Cauchy{Riemann equations imply both horizontal weak conformality, and, as in ESa64], harmonicity. In fact, by Lic69], the result remains true when the domain is a cosymplectic almost Hermitian manifold. Finally note that, (i) the composition of harmonic morphisms is a harmonic morphism, (ii) in stochastic processes, harmonic morphisms are \Brownian pathpreserving transformations", see, for example, Duhx1], (iii) any stable harmonic map from a Riemannian manifold to the 2-sphere is a harmonic morphim Che93].
See GMww] for an updated list of the known harmonic morphisms.
5. Harmonic morphisms from 4-dimensional manifolds Just as harmonic maps from surfaces to 4-manifolds have some special properties, so do harmonic morphisms from 4-manifolds to surfaces. Given a submersion M 4 ! N 2 from an oriented 4-dimensional Riemannian manifold to a Riemann surface, there are two adapted almost Hermitian structures J on M 4 de ned as rotation through + =2 on the horizontal space together with rotation through =2 on the vertical space. Then we have Theorem 5.1 Woo92]. Let : M 4 ! N 2 be a submersive harmonic morphism from an oriented Einstein 4-manifold to a Riemann surface. Then 1) one of the adapted almost Hermitian structures J is integrable, 2) correspondingly, the bres of are superminimal with positive (resp. negative) spin.
Note that a holomorphic map from a non-K ahler Hermitian manifold is not, in general, a harmonic morphism, for conditions under which this holds see GW97] and, for maps from open subsets of R m to C , BW95].
The idea of the proof is that, since the bres of form a conformal foliation by minimal surfaces, a horizontal basic vector eld X satis es the Jacobi equation for minimal surfaces as does J X. This implies that the term involving the second fundamental form must be J -equivariant which is equivalent to superminimality. This, in turn, is equivalent to integrability of J + or J ? . Note that neither of J is, in general, K ahler.
Say that the harmonic morphism is of positive (resp. negative) spin according as J + (resp. J ? ) is integrable. (In AGx1] , the term right (resp. left) harmonic morphism is used.)
Changing the orientation of M 4 clearly changes the sign of the spin, so, without loss of generality, we shall henceforth take it to be positive. Then by Proposition 2.3, the superminimal bres of are given by the projections of horizontal holomorphic maps, and since these form a conformal foliation, they vary holomorphically with respect to J + . This leads to We shall call such a function H a holomorphic parametrization (of ).
If M 4 is anti-self-dual, the almost complex structure J on Z 6 + is integrable AHS78], and, when M 4 is Einstein as well, the horizontal bundle of type (1; 0) of is a holomorphic subbundle of T 0 Z 6 + ES85], hence, in this case, there is an abundance of functions H of the above type. For example, if N 4 = S 4 , R. Bryant Bry82] showed that all horizontal holomorphic maps from an open subset of C to Z 6 + = C P 3 are locally of the form 7 ! f 1 ( ) ? 1 2 f 2 ( ) df 1 df 2 ; f 2 ( ); 1 2 df 1 df 2 where f 1 and f 2 are holomorphic. Letting these functions depend holomorphically on another complex variable z gives holomorphic parametrizations of harmonic morphisms from open subsets of S 4 to C , or, via a chart, to a Riemann surface; for example, setting f 1 (z; ) = z, f 2 (z; ) = gives a harmonic morphism which is the composition S 4 n (0; 1) ! S 3 of the orthogonal projection along great circles to the equatorial sphere, the Hopf map S 3 ! S 2 and stereographic projection S 2 ! C f1g. See Woo92] for details and similar constructions of harmonic morphisms from C P 2 , and see Bai92] for H 4 and more discussion. For R 4 , we obtain Weierstrass-like formulae Woo92]; for generalizations to higher dimensions, see BWx1] .
The result can be phrased equivalently as a correspondence between harmonic morphisms and Hermitian structures, see Shear-free ray congruences and Hermitian structures both complexify to holomorphic foliations of open subsets of C 4 by null planes; there is a version of Theorem 5.5 for these involving complex harmonic morphisms BWx2].
Lastly we consider harmonic morphisms from hyperbolic 4-space H 4 and the construction of families of superminimal surfaces in H 4 . First note that H 4 is a self-dual and anti-self-dual Einstein manifold, so the above theory applies. We have a new fact: the boundary values at in nity of a hyperbolic harmonic morphism form a horizontally conformal map. More precisely, equip R 4 = R 4 n R 3 = f(x 0 ; x 1 ; x 2 ; x 3 ) 2 R 4 : x 0 6 = 0g with the hyperbolic metric g H = P 3 i=0 dx 2 i x 2 0 so that each component of R 4 is isometric to hyperbolic 4-space H 4 . Then Proposition 5.7 BWx2]. Let : A 4 ! C be a smooth map which is a harmonic morphism on A 4 n R 3 with respect to the hyperbolic metric. Then the restriction of to A 3 = A 4 \ R 3 is horizontally weakly conformal.
Proof. The equation for harmonicity of reads: 2) Let c be an embedded real-analytic curve in R 3 . Then there is an embedded real-analytic surface s in R 4 which is minimal in R 4 n R 3 with respect to the hyperbolic metric and intersects R 3 in c.
Proof. 1) Representing the leaves of C as the level curves of a real-analytic horizontally conformal submersion f : A 3 ! C on an open subset of R 3 , construct a hyperbolic harmonic morphism as in the theorem: its bres give the desired real-analytic foliation.
2) We can embed c in a real-analytic conformal foliation by curves of an open subset of R 3 . Then apply 1).
For examples of harmonic morphisms on hyperbolic spaces and other symmetric spaces, see also Bai92, Gudx1] , and for related methods of nding minimal surfaces, BG92].
